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Background

Main Types of Non-Fungible Token (NFT)

• Music and Videos (open and limited editions)

• Event Tickets (sports games or concerts, etc.)

• Real Estate (physical and digital)

• Game Accessories (weapons, land, fashion items, clothes)

• Photography and Art (physical and digital)
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NFT Ecosystem

• Value of NFT sales in 2021 ∼ $22 billion

• Market cap of top 100 NFTs ∼ $16.7 billion (based on floor price)

• Ecosystem: marketplaces, exchanges, price and rarity analytics
providers, PFP generators, data aggregators, lending platforms,
betting shops

• Examples of valuations/amount raised:

• Nansen: raised $75m, Dec 2021, Series B
• OpenSea: valuation $13.3bn, Jan 2022, Series C
• NFTgo: raised $6.7m, Feb 2022, Series A
• Upshot: raised $29m, Mar 2022, Series A
• NFTbank: raised $12m, April 2022, Series A
• Curio: raised $7m, May 2022, seed
• Magic Eden: valuation $1.6bn, Jun 2022, Series B
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NFT Marketplaces

OpenSea
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CryptoPunks (Larva Labs 2017)

• Average sale price ∼ 200 ETH

• Total value Punks sold exceeds $2 billion

• Highest price ever paid $23 million
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Bored Ape Yacht Club (Yuga Labs 2021)

• Sold out @ 0.08 ETH within a week

• Seven traits: background, clothes, earring, eyes, fur, hat and mouth

• Very rare attributes: solid gold fur, dagger mouth, x-ray eyes, etc.

• Highest price ever paid $3.4 million

• Trait distributions ∼ independent
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Rarity Tools
• Harmonic rank 2

• Arithmetic rank 5040
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Rarity Metrics in Use

Platform Minimum Harmonic Geometric Arithmetic Unknown
Collective.xyz ✓
CryptoSlam ✓
HowRare.is ✓* ✓

Icy.tools ✓
LuckyTrader ✓*

Nansen ✓
NFTEXP ✓
NFTgo ✓
NFTinit ✓*

NFTonchained ✓
NFTSniff ✓

NFTStats† ✓
OpenRarity ✓
RankNFT ✓

Rarity.tools ✓* ✓* ✓* ✓*
RarityMon† ✓

RaritySniffer† ✓*
Rarity Sniper ✓

Traitsniper ✓
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https://collective.xyz/
http://cryptoslam.io/
https://howrare.is/faq
https://icy.tools
https://luckytrader.com/nft/
https://www.nansen.ai/post/use-nansen-to-explore-rarity-for-over-650-nft-projects
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https://docs.nftgo.io/docs/nftgo-rariry-model
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https://nftsniff.com/
https://www.nft-stats.com/
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https://raritysniper.com/
https://app.traitsniper.com/
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OpenRarity
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OpenRarity

Carol Alexander (2022) Punks and Apes 11 / 32



Background Rarity Power Means Score and Rank Invariance Collection Characters

NFTgo
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Generation of PFP Collections
• Very large number (∼ 10,000) of tokens, each certifying ownership of a

different computer-generated avatar

• PFP collection first defined by setting traits – example: background,
gender, hair, eyes and clothes

• Each trait has a certain number of attributes – example: 10 possible
background colours, 3 possible gender attributes, 4 hair attributes
(including ‘none’, meaning no hair), 5 eye attributes and 8 clothes
attributes

• Each avatar has a unique attribute map which assigns exactly one
attribute to each trait

• So total number of tokens ≤ 10× 3× 4× 5× 8 = 4, 800 in this
example, but there may be less than 4,800 because some attribute
combinations may not be represented by an avatar
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Rarity Analytics Platforms

• Rarity based entirely on trait distributions BAYC

• A token’s raw rarity measurement is calculated using a rarity metric
applied to the token’s attribute counts or frequencies

• Raw measurement converted to a rarity score and a rarity rank where
most rare token is rank 1 and least rare is rank 10,000 (or whatever the
number of tokens in the collection is)

• Currently there are ∼ 20 different rarity analytics platforms. OpenRarity
and NFTgo each claim to provide a new rarity metric which they also
propose as an industry standard

• However, every platform provides identical rankings to those derived from
one (or more) of four basic metrics and these methods are almost all
mathematically incorrect
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BAYC Trait Distributions
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Traits, Attributes and Counts
Traits Xi, No. Attributes θi, i = 1, . . . , n

Unique Token ID:

Ak ←→
{
X1 = xk

1 , . . . , Xn = xk
n

}
Count of a particular attribute xij for trait Xi is:

mij = |k ∋ xk
i = xij | =

m∑
k=1

1xk
i =xij

Every token has exactly one of each attribute, hence:

θi∑
j=1

mij = m, for i = 1, . . . , n

Setting mk
i = mij |xij = xk

i for i = 1, . . . , n yields injection:

Ak −→
{
mk

1 , . . . ,m
k
n

}
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Attribute Frequency

pij = P (Xi = xij) =
mij

m

Every token has exactly one of each attribute:

θi∑
j=1

pij = 1, for i = 1, . . . , n

Injective map:
Ak −→

{
pk1 , . . . , p

k
}

where for i = 1, . . . , n

pki =
mk

i

m
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Weighted Power Means

• Let p be any non-zero real number

• Let {a1, . . . , an} be a set of positive real numbers

• Let {ω1, . . . , ωn} be a set of positive weights

Weighted power mean with exponent p:

Mp (a1, . . . , an|ω1, . . . , ωn) =

(∑n
i=1wia

p
i∑n

i=1wi

)1/p
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Special Cases
Limits:

M−∞ (a1, . . . , an|ω1, . . . , ωn) = min {ω1a1, . . . , ωnan}

M∞ (a1, . . . , an|ω1, . . . , ωn) = max {ω1a1, . . . , ωnan}

M0 (a1, . . . , an|ω1, . . . , ωn) =

(
n∏

i=1

aωi
i

)1/
∑n

i=1 ωi

Trait Normalization (Simple):

{a1, . . . , an} = {mk
1, . . . ,m

k
n} and {ω1, . . . , ωn} = {θ1, . . . , θn}
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Pythagorean Means

{ω1, . . . , ωn} = {1, . . . , 1} → Generalized Means

1. Minimum :
rkmin = min

i
pki

2. Harmonic:
rkharm =

n∑n
i=1

(
pki
)−1

3. Geometric:

rkgeo =

n∏
i=1

(
pki
)1/n

4. Arithmetic:

rkarith = n−1
n∑

i=1

pki
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Rarity Scores and Ranks
• Rarity score rk → r̄k ∈ [0, 1]

r̄k =
rk − rmin

rmax − rmin

• Rarity rank rk → Rk ∈ { 1, . . . ,m}

Rank 1 = most rare, .... , Rank m = least rare

• Pythagorean mean ordering:

rkmin ≤ rkharm ≤ rkgeo ≤ rkarith ≤ rkmax

Ordering lost on conversion to scores or ranks

• Correlations between scores (and ranks) derived from different
metrics can be very low, depending on the collection and the two
metrics selected
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Score Distributions

Figure: Rarity Scores from Harmonic, Geometric and Arithmetic Means.
The relative frequency plots of rarity scores derived from harmonic (p = −1),
geometric (p = 0) and arithmetic (p = 1) mean rarity metrics. These empirical
densities are computed using each collection’s trait data which are downloaded
from OpenSea. Pearson correlation (scores) between 0.14 and 0.87; Kendall’s τ
(ranks) between 0.45 and 0.77.
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Correlations between Scores and Ranks
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Effect of Trait Normalization

OutRank
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https://www.outrank.io/nft-rarity
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Invariance Results

1. Rarity scores are invariant (reversed) under increasing (decreasing)
linear transformations of the raw rarity metric

For example, we can set {a1, . . . , an} to be either counts or
frequencies, the score is the same

2. Rarity ranks are invariant under strict monotonic transformations
of a rarity metric

(Assumes decreasing transformations reverse rank order map)

3. The kurtosis of a rarity score distribution increases (decreases)
leptokurtic under convex (concave) strict monotonic
transformations of a rarity metric
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Equivalence Results

• OpenRarity information content is a decreasing, non-linear strictly
monotonic transformation of the geometric mean frequency, so

OpenRarity ≡ ranking by geometric mean

• NFTgo Jaccard distance is a decreasing, linear transformation of
the arithmetic mean frequency, so

NFTgo ≡ ranking by arithmetic mean

• Every rarity metric currently in public domain is a strict monotonic
transformation of, and therefore yields a ranking equivalent to, a
weighted power mean with p = −1, 0, 1 or −∞
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The Ultimate Guide
Consider two tokens:

Ak ←→
{
xk
1 , . . . , x

k
n

}
and

Al ←→
{
xl
1, . . . , x

l
n

}
Jaccard similarity is proportion of attributes in common:

n−1|i ∋ xk
i = xl

i, i = 1, . . . , n| = n−1
n∑

i=1

1xk
i =xl

i

Jaccard distance is one minus the Jaccard similarity:

JD(Ak, Al) = 1− n−1
n∑

i=1

1xk
i =xl

i
. (1)
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Equivalence Proof

NFTgo define their rarity metric as the arithmetic average of a token’s
Jaccard distances from all the other tokens

rk = m−1
m∑
l=1

JD(Ak, Al). (2)

Combining (1) and (2) yields:

rk = m−1
m∑
l=1

(
1− n−1

n∑
i=1

1xk
i =xl

i

)

= 1− n−1
n∑

i=1

m∑
l=1

m−1
1xk

i =xl
i

= 1− n−1
n∑

i=1

pki = 1− rkarith
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OutRank’s Collection Characters
Trait Independence
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Bar Codes and QR Codes
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Main Results

1. Rarity ranks are invariant under strict monotonic transformations

2. Rarity scores are invariant (reversed) under increasing (decreasing) linear
transformations

3. If and only if traits are independent then the geometric mean count or
frequency, or any strict monotonic transformation thereof, are statistically
correct rarity metrics

4. All other rarity metrics in the public domain are not statistically correct

5. And when traits are not independent an entirely different approach needs
to be developed
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OutRank
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http://www.outrank.io/
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